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SICTION 1.0

ITIhOOUJCTION -

The Air Force and Pratt & Whitney are developing technology to allow for an eventual
damage tolerant design approach to turbine engine components and to retire existing
components based on the detection of service initiated flaws. This approach is based heavily on

the capability to predict the growth of flaws in critical structural components during the service -

life of the component. The majority of critical structural components operate at elevated
temperatures where plasticity and time-dependent creep occur, particularly in regions of stress
concentrations and near the tips of fatigue cracks. Considerable research is currently being
conducted on modeling crack growth behavior in engine materials. These research efforts require
an understanding of crack tip behavior in order to successfully evolve realistic crack growth
criteria. Because of the complex inelastic behavior, closed-form solutions to crack problems are
not practical. An alternate approach is to use finite element methods for modeling the test
geometries. Such an approach, however, depends heavily on realistic constitutive models of the
material behavior as well as localized failure criteria for crack growth problems.

The objective of this contract is to develop a constitutive model for engine materials at
elevated temperatures where creep and plasticity occur and to apply this model in numerical 3
computations of creep and fatigue crack propagation. The constitutive model has the capability
to model the types of material behavior which occur under loading conditions typical of turbine
engine disks, and yet is mathematically efficient to allow calculations of crack growth behavior
under cyclic loading conditions. It is expected that the results obtained in this program will be

* , applied to the modeling of laboratory test specimens under engine spectrum loading and
eventually to the prediction of stress and strain fields in turbine engine components with
creep/fatigue cracks.

The program involved the development of a constitutive model for INCO 718, a nickel base -

alloy, at 120°*F (649"C) under monotonic, cyclic, and sustained loading. The model has the .'
capability of accounting for load history effects as well as material failure or damage -

accumulation. The model has been incorporated into a two-dimensional finite element program
to simulate the crack growth behavior in laboratory test specimens, and data have been
generated to ev-"ate the applicability of the model. The model development was based on prior
constitutive modeling efforts, and as such, primarily involved modifications and refinements to
established approaches. 0-

41 . .
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17.

SECTION 2.0

TECHNICAL APPROACH

2.1 PROBLEM DESCRIPTION AND SOLUTION APPROACH

The research effort in this contract is directed towards the development of a nonlinear
fracture mechanics capability to predict crack growth at elevated temperatures under both creep
and fatigue loading conditions.

At elevated temperatures the material in the vicinity of a crack tip can fail or rupture under
• -both creep (constant load) and fatigue (alternating load) conditions due to the high stress

concentration. To predict crack growth analytically it is first necessary to determine the stress-
strain behavior of the material in the vicinity of the crack tip. Once the stress and strain histories
are known at a particular material point, the time or the number of load cycles required to fail
the material at that point can then be determined by a suitable failure criterion.

This contract has concentrated on determining the crack growth in compact type specimens
of INCO 718 material at 1200°F (649°C) under creep, fatigue, and combined creep-fatigue
conditions. The theoretical effort makes use of a unified viscoplastic constitutive formulation to
determine the time-dependent material behavior in the crack tip vicinity, while a continuum
damage model is used to predict either the time or the number of load cycles required to fail a
particular point in the crack tip neighborhood. Both the viscoplastic constitutive model and the
continuum damage model have been incorporated as FORTRAN subroutines into the ABAQUS
[1] general purpose nonlinear finite element program. When the continuum damage criterion
dictates that the material at the Gaussian integration point in the finite element closest to the
crack tip has failed, the node at the crack tip is released, and the crack advances to the adjacent _,
node in the crack plane. .

The experimental crack growth measurements were made under both creep (constant load) -1
and fatigue (alternating load) conditions.

Under creep conditions the small amount of crack growth is difficult to determine by
conventional experimental crack measuring techniques. Instead of measuring crack length as a -
function of time, the displacement of two points located on either side of the crack tip is
monitored as a function of time by an optical interferometric displacement measurement
technique. The nodes along the crack plane in the finite element model are released in such a
manner that the computed displacements of the two points due to both the viscoplastic material
behavior and the crack growth matches the experimental displacements as time progresses.
Crack length, as a function of time, then becomes a product of the finite element analysis rather 5
than an input. Since the failure criterion under creep conditions is determined by a continuum

* . damage model, the material constants in this model can be chosen to give a least square fit to the
creep crack growth experiments in the INCO 718 compact type specimen at 1200°F (649°C)
carried out under different applied loads. The material constants in the continuum damage
model can also be determined to give a least square fit to the creep rupture data obtained from
uncracked uniaxial specimens of INCO 718 at 12000F (649°C). If creep crack growth is governed
by creep rupture of the material directly ahead of the crack tip, then the material constants
determined from the creep rupture experiments on the uncracked uniaxial specimens should
coincide with those obtained from the creep crack growth experiments on the compact type
specimens.

In the fatigue crack growth experiments the crack length versus load cycle number can be
measured by a conventional traveling microscope. Once again the nodes along the crack plane in

2-1
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the finite element model are released in such a manner that the computed crack length versus
load cycle number matches the experimental crack growth rate. The failure criterion under
fatigue conditions is also determined by a continuum damage model. Material constants in this
model can be chosen to give a least square fit to the fatigue crack growth experiments in the
INCO 718 compact type specimen at 1200°F (649°C). They can also be chosen to give a least 5
square fit to conventional fatigue failure data obtained from experiments at different load
amplitudes on uniaxial bar specimens of INCO 718 at 1200°F (649°C). If fatigue crack growth is

governed by fatigue rupture of the material directly ahead of the crack tip, then the material
constants in the continuum damage model obtained from the fatigue experiments on the
uncracked uniaxial specimens should coincide with those obtained from the fatigue crack growth
experiments on the compact type specimens.

The viscoplastic constitutive model used in the creep crack growth predictions is presented

in an integral form in Appendix A. Two state variables, representing the effect of the inelastic
deformation history on the subsequent response of the material, are incorporated into the model.
The tensor state variable £2j allows the model to exhibit a nonlinear kinematic hardening
response, while the scalar state variable K allows for isotropic hardening. In the absence of S
thermal recovery, the state variable iij represents the stress state which is obtained under very
slow loading conditions. It is also the stress state to which the material will relax under
conditions where the components of the strain tensor are held at a constant value. In the
literature the state variable Qi is called the equilibrium, rest, or back stress while the state
variable K is called the drag stress.

The model has been used to describe Hastelloy-X constitutive behavior with the inelastic
strain rate depending upon a power law expression of the stress minus the equilibrium stress.
However, at strain rates above 10-4 per second, a power law expression for the inelastic strain
rate tends to overestimate the stress. For this reason, the modelling of INCO 718 data was
accomplished by using the exponential expression given in Appendix B. In the integral
formulation presented in Appendix A, the dependence of inelastic strain rate on stress is given by -

the logarithmic term in equation (6) for the expression Q(t). The exponential law allows the
inelastic strain rate to grow more rapidly with increasing stress values than the power law;
conversely, the stress increases more slowly with increasing strain rate using the exponential - .

expression for the inelastic strain rate. The exponential variation of strain rate with stress is
similar to the hyperbolic sine function used in Miller's viscoplastic model [2]. At strain rates
above 10-4 per second INCO 718 exhibits a rate insensitive material response and the strong .
nonlinear dependence of inelastic strain rate on stress, given by the exponential (or hyperbolic
sine) expression, is needed to model this behavior.

The constitutive model in Appendix A also has the damage parameter D incorporated into
its formulation. This damage may be assumed to be due to creep, fatigue, or creep-fatigue
interaction. Its growth must be specified by a suitable evolution equation. For the creep crack 0
growth predictions the damage parameter D is assumed to evolve with creep damage according to -

Chaboche's creep rupture law presented in Appendix C.

Viscoplastic constitutive models are usually given in differential form. A differential
equation relating the inelastic strain rate with stress and state variables is given together with
differential equations governing the growth of the state variables with deformation history. In S
the present formulation, two state variables, viz. the equilibrium stress and drag stress, are used.

Equation (1) of Appendix A is an integral form of the differential equation governing the
growth of the inelastic strain rate with stress and state variables 0.i and K. The integral
expression contains the rate-dependent term Q(t), which governs the rate sensitivity, of the
constitutive model. This term also contains the drag stress state variable K, which governs the 0
"yield" behavior of the material and its isotropic cyclic hardening response.

2-2
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Equation (2) of Appendix A is the integral form of the differential expression governing the
growth of the equilibrium stress state variable. The first term, given by equation (5), allows the
material to exhibit an asymmetric response in tension and compression under both tensile
loading and creep conditions. The second term in equation (2) governs the slope of the
equilibrium stress versus strain curve at large strain values. Since this term is linear in the
inelastic strain, the variation of the equilibrium stress with strain, and hence the variation of the
actual stress with strain, is linear at large values. This may be seen from equation (1) since the
integral term containing Q(t) saturates to a constant value under large strain conditions. The
third term in equation (2) governs the growth of the equilibrium stress with deformation history
in the intermediate strain region; it saturates to a constant value at large strains. p

Equation (3) of Appendix A governs the growth of the drag stress with cumulative
deformation history. In the present calculations no thermal recovery is included in the drag
stress state variable, but this can easily be incorporated if required.

The constitutive formulation has been incorporated into the ABAQUS nonlinear finite
element program in both its differential and integral forms. For creep crack growth predictions in
high strength creep resistant alloys such as INCO 718, most of the creep crack growth occurs due
to the release of nodes along the crack plane; little crack growth occurs due to viscoplastic
material behavior in the vicinity of the crack tip. For this reason, creep crack growth predictions
can be made with any constitutive relation which provides an adequate description of inelastic
strain rate versus stress state.

The use of combined experimental and theoretical procedures to determine crack growth
criteria has been labeled the Hybrid Experimental-Numerical procedure by Kobayashi 131.
Hinnenicha 141 used this procedure to determine a creep crack growth criterion for IN100 at
1350F (732*C) from experiments carried out on a center cracked plate test specimen by Sharpe
151. He found that a critical damage accumulation criterion for creep crack growth similar to that
employed in the present contract gave good correlation with the experiments conducted by
Sharpe.

2.2 CONSTITUTVE FORMULATION

Cyclic hysteresis loops and creep curves have been generated for INCO 718 at 1200*F
(649*C). Figure 2-1 shows a plot of log ca vs log s from creep tests and cyclic hysteresis loops L
generated in the present contract and from tests conducted by Domas, Sharpe, Ward, and Yau
161 in NASA contract NAS3-22522. The plot shows the variation of secondary creep rate (or
extension rate in a tensile/hysteresis test) with applied stress. At the largest strain rate of 5.3 X
10-1 per second, the stress point is the estimated ultimate stress value. Discrepancies between
the present data and that generated by Domas, et al [6], occur at both low and high stress levels.
At high stress levels corresponding to the uniaxial tensile tests, the data points are estimates
obtained by extrapolating the test data to obtain the ultimate stress values.

At high strain rates (104 to 10-3per second) the material behavior becomes insensitive to
strain rate. This may be seen by the flattening of the log a vs log F. curves as shown in Figure 2-1
and is exhibited by the data generated in this contract and in the data generated by Sharpe and

ILhis colleagues. The rate insensitivity can also be seen in the cyclic hysteresis loops shown inL
Figure 2-2, where the first 30 cycles were carried out at a strain amplitude of ± 0.5 percent at a
strain rate of F, - 3.33 XiO per second, while the following 10 cycles were carried out at a strain
rate of & = 3.33 X O per second. No discernible difference in the loops due to the decrease in
strain rate by an order of magnitude can be detected. The hysteresis loops carried out under
strain control at. amplitudes of ± 0.8 percent and ± 1.0 percent shown in Figures 2-3 and 2-4 also
displayed no discernible sensitivity to strain rate increases and decreases by an order of
magnitude.
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Figure 2-). Plot of Log (St ress) vs Log (Plastic Strain Rate) from Creep and Tensile Tests
on INCO 718 at 649C
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Figure 2-2. Cyclic Strain Controlled Hysteresis Loops at ±0.5 Percent Strain Amplitude.
The First 30 Cycles are Carried Out at a Strain Rate of E = 3.33 X i Per --

Second. The Next 10 Cycles are Carried Out at a Strain Rate of
e=3.33 x 104 Per Second 1

2-4

41 WA



130.400 -

65.200

Strem
(Psi)

-66,200

-130,400
1,2,3 4.5 6 7 10 13

Cycle Numbs'

130,400-

65.200

4,0

-130,400
14 1s 23 25 29 35

Cycft Numbs

FO 2U67

Fgure 2-3. Cyclc Strain Controlled Hysteresis Loops at ±0.8 Percent Strain Amiplitude.
Loops Were Carried Out at a Strain Rate of E = 5.33 x 104 Per Second.
Loops Carried Out at e = 5.33X 10 3 Per Second and 9 = &.33X 10- Per
Second Showed No Discernible Difference to the Loop. Shown Above
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Figure 2-4. Cyclic Strain Controlled Hysteresis Loops at ± 1.0 Percent Strain Amplitude.
Loops Were Carried Out at a Strain Rate of e = 5.3 X 10- 3 Per Second.
Loops Carried Out at 6 = 5.33 x 10- 4 Per Second Showed No Discernible
Difference to the Loops Shown Above

The rate insensitivity displayed by INCO 718 at 1200°F (649"C) in the strain rate region
around z = 10- 4 per second precludes the use of tensile and hysteresis loop data to obtain the
strain rate material constants in the unified viscoplastic formulation detailed in Appendix B.
Strain rate material constants were obtained from a combination of the tensile/hysteresis loop
data at high strain rates (10- 4 to 10- 3 per second) and secondary creep data at low strain rates
(10-6 to 10-10 per second). p

A power law expression [71 for the inelastic strain rate in terms of the applied stress, a, and
equilibrium stress, Ql, was first fitted to the creep and hysteresis data. When fitting unified
viscoplastic theories to test data, the usual procedure is to assume that the functional form of the
inelastic strain rate is correct, and that any deviation of the test data from the assumed
functional form is due to thermal recovery. In this manner the constants for both rate effects and
thermal recovery can be determined from the test data.

A reasonable correlation of stress versus strain rate was achieved with the power law at low
to intermediate strain rates providing thermal recovery was taken into account. However, the
power law may be expected to hold only over a relatively small strain rate range, and the stresses
at high strain rates tend to be overestimated with a power law expression. This was clearly
evident in the predicted stress results for strain rates of 5.3 X 10 - per second and 5.3 X 10- per
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second used in the hysteresis loop testing. To obtain a better overall correlation of stress versus
strain rate, it was decided to use an exponential law for the inelastic strain rate in place of the
power law. This provided a much better fit to the experimental data at all strain rates without
including thermal recovery effects. Thermal recovery is present at 1200"F (649°C), but to derive
the current set of material constants, thermal recovery has been neglected. Table 2-1 shows the
correlation between experiment and theory using the exponential law given in Appendix B.. -

Table 2-1. Stress vs Strain Rate With Exponential
Law

E (Per
Second) a (psi, Test) a (psi, Theory)

5.3 E-3 172000 (Extrapolated) 177536
5.3 E-4 - 164492
6.88 E-6 140000 140000
8.22 E-7 130000 127971
1.52 E-7 120000 118406
3.66 E-8 110000 110435
5.67 E-9 100000 100000
3.66 E-10 80000 86377

INCO 718 displays cyclic softening at 1200"F (649*C). The softening can be seen in Figures - - -

2-2, 2-3, and 2-4 from the decrease in the stress amplitude of the hysteresis loops as cycling
proceeds under constant strain amplitude. It can also be observed in the increase in the width of
the hysteresis loops under constant stress amplitude in the fatigue tests. This cyclic softening
can be modeled with the viscoplastic formulation at small cyclic strain amplitudes by allowing
the drag stress, K, to decrease with cumulative inelastic strain. In the finite element calculations
the drag stress was assumed to be constant and cyclic softening was not permitted. Material
constants for the cyclic softening case and for the noncyclic softening case used in the finite
element calculations are listed in Appendix B.

Figure 2-5 shows the predicted steady state hysteresis loops for the case in which the drag
stress is assumed to have a constant value. The hysteresis loops are executed between ± 1.5
percent strain limits at strain rates corresponding to values in Table 2-1. Figure 2-6 shows the _
predicted effect of creep damage on the hysteresis loops shown in Figure 2-5. The loops in
Figure 2-6 represent the theoretical hysteresis response on the second cycle. Little creep damage
is apparent in the second cycle at high strain rates. However, at low strain rates the effect of
creep damage is prevalent. Figures 2-7 and 2-8 show the predicted cyclic softening of a hysteresis
loop executed at one cycle per minute (cpm) between ± 0.8 percent strain limits.

Tertiary creep and creep damage accumulation have been included in the constitutive
formulation by using Chaboche's continuum creep damage model 18]. Details are given in
Appendix C. Experimental results of creep rupture time and creep rupture strain as a function of
stress level are given in Table 2-2.

L
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Table 2-2. Creep Rupture Details of INCO 718 at 1200°F (6490C)
Obtained in Present Contract

Strain on Loading Final Reduction

Stress Elastic Inelastic Rupture Time Elongation in Area 9(h~i) M% M% (hr) M M
140 0.508 0.639 1.4 8.2 12.6
135 0.610 0.607 2.0 9.0 14.2
130 0.251 0.151 6.9 7.4 12.2
120 0.279 0.056 25.5 10.5 16.2
110 0.292 0.006 56.7 8.0 13.2
100 0.286 0.0 281.1 13.4 41.9 .
80 0.277 0.0 Discontinued

after 358 hr

Further creep rupture results obtained from data generated by Domas, Sharpe, Ward, and
Yau [6], and Thakker and Cowles [91 are given in Tables 2-3 and 2-4.

Table 2-3. Creep Rupture Details of INCO 718 at 1200°F
(649 0C) Obtained by Domas, Sharpe, Ward,
and Yau

Average Standard*
Stress (kai) Rupture Time (hr) Rupture Time (hr)

120 26 15
110 92 50
100 131 160
80 1583 1600

'C50TF6 Specification

Table 2-4. Creep Rupture Details of INCO 718 at 1200°F (6490 C) Obtained
by Thakker and Cowles

Strain on Loading Final Reduction in
Stress Elastic Inelastic Rupture Time Elongation Area
(i) (%) (%) (hr) M
120 0.597 0.060 20.1 13.1 15.9
110 0.581 0.012 48.3 14.8 52.3
105 0.476 0.009 116.0 23.7 56.8
90 0.450 0.005 494.8 28.0 61.3

Figures 2-9 through 2-13 compare the experimental and theoretical creep response at stress p
levels of 100, 110, 120, 130, and 140 ksi. In general, the theoretical formulation overestimates the
amount of primary creep and displays less tertiary creep in the early parts of the creep tests
compared with experiment. The amounts of primary creep could be reduced towards the
experimental levels by increasing the constants n2 and n3 which control the growth of the . .-

equilibrium stress state variable fQ i. Table 2-5 displays the computed value of k in Chaboche's
creep rupture model compared with the value estimated from the test results. Table 2-6 compares
the experimental and theoretical creep rupture times.

2
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Figure 2-5. Computed Variation of Steady-State Hysteresis Loop With Strain Rate Between
±1.5 Percent Strain Limits
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Figure 2-6. Effect of Creep Damage on the Second Cycle Hysteresis Loops
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Figure 2-10. Comparison of Experimental and Theoretical Creep Response at 110 ksi
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Figure 2-12. Comparison of Experimental and Theoretical Creep Response at 130 ksi
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Figure 2-13. Comparison of Experimental and Theoretical Creep Response at 140 ksi
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Table 2-5. Comparison of Theoretical and Experimental
Creep Rupture Exponents

Stress (psi) k (Data) k-i + 1.011 E-4e 9'-4 
E-5 ("

100000 2.28 2.28
110000 3.64 4.29
120000 7.18 9.46
130000 17.06 22.77
140000 56.99 56.98

Table 2-6. Comparison of Theoretical and Experimental
Creep Rupture Times

Rupture Time
Rupture Time (sec)

Stress Experiment from
(psi) (sec) t-[A e I k()+1 '

140000 5040 5041
130000 24840 21000
120000 91800 85015
110000 204120 315123
100000 1011960 1011687

A - 2.394 X 10
-43

, r - 7.22, k(a) - 1 + 1.011E-4e.
446E 5 a

The magnitude of the equilibrium stress state variable at the point of strain reversal was
determined from a sequence of relaxation tests commencing at various stress levels on both the
tension and compression unloading branches of the hysteresis loops. These loops were executed
at a strain rate of 5.3 X 10-4 per second between strain limits of ± 0.8 percent. At points A, B, C,
etc. in Figure 2-14 the strain was held at a constant value, and the stress relaxation was
monitored as a function of time. The stress relaxations obtained from the unloading branch in
tension at points A, B, C, etc. are shown in Figure 2-15. At levels above 80 ksi the stress relaxes
in a normal fashion, while at levels below 80 ksi the initial stress relaxation is in an upward
direction. Since the initial relaxation rate and its direction (upwards or downwards) depends on
the difference between the stress and the equilibrium stress state variable, Figure 2-15 indicates a
value of about 80 ksi for the value of the equilibrium stress at the point of tensile strain reversal.
The stress relaxations obtained from the unloading branch in compression at points D, E, F, etc.
are shown in Figure 2-16. This figure again indicates a value of about -80 ksi for the value of the
equilibrium stress at the point of compressive strain reversal. For the unified viscoplastic
formulation given in Appendix B, the saturation value of the equilibrium stress is given by the
ratio of the material constants n2/n 3. This ratio is given by n2/n 3 = 83,086 psi.

2t
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Figure 2-14. Hysteresis Loop Is Executed at One Cycle Per Minute Between ± 0.8 Percent
Strain Limits
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Figure 2-15. Relaxation Curves Starting from Points on Tension Unloading Branch in k
Figure 2-14
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2.3 CREEP AND FATIGUE MODELING

A Kachanov type of continuum damage model has been proposed by Chaboche [81 which
includes damage due to both creep and fatigue. The creep damage model is outlined in Appendix -
C and the fatigue damage model in Appendix D. These models have been incorporated into the
unified viscoplastic constitutive formulation by replacing the stress tensor a by an effective

stress tensor a/(1 - D), where D is the continuum damage parameter which has the value D = 0
in the initial undamaged virgin material and which has the value D = 1 in the final ruptured
state. The growth of the continuum damage D is assumed to be governed by the rate equation

6 =15 + 6,

where Dc is the rate of growth of creep damage with time governed by the creep damage model in
Appendix C, and Df is the rate of growth of fatigue damage with time due to fatigue cycling
governed by the fatigue damage model in Appendix D.

Material constants for the creep damage model were determined from creep rupture tests
on uniaxial specimens of INCO 718 at 1200°F (649°C). The specimens were given a standard heat

treatment per specification AMS 5596C as follows:

Solution anneal at 1750°F (854°C) for one hour. Air cool to below 932°F (500°C).
Age at 1325°F (718°C) for eight hours. Furnace cool to 1150°F (621°C). Age at
1150°F (621°C) for a total time of 18 hours aging, cooling, and aging. Air cool to
room temperature. The test material was furnished in the form of 0.5 in.
(12.7 mm) thick flat plates having nominal dimensions 12 X 4 in. (305 X 102 m
mm).

Figure 2-17 shows a plot of log a versus log tR for the creep rupture tests performed in the
present contract and for creep rupture data generated by Domas et al [61 and by Thakker and
Cowles 19]. Values of the function, k(a), as a function of initial applied creep stress, a, were
determined by fitting the theoretical tertiary creep response shown in Figures 2-9 through 2-13 to
the experimental tertiary creep data.

The rupture time, tR, corresponding to an initial tensile stress level, a, can be determined
from the uniaxial form of the damage growth relation presented in Appendix C. This relationship
may be written in the uniaxial form

dD _ Ae'
"• (I-D )i(  (1)

Integration between the limits Dc 0 to Dc= I gives the creep rupture time in the form k

t R IA ar k( ,) + 11 1- ' (2)

A least squares fit to the three data sets is achieved with the values

A 1.17 XI0- , r = 6.31, k(o) = I + (1.011 X 10-I4) exp (9.446 X10-5a).
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Figure 2-17. Experimental Creep Rupture Data and Least Square Theoretical Fit
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This fit is shown as the solid line in Figure 2-17. For the data generated in the present contract a
least square fit is achieved with the values

A 2.394 x 10-43, r - 7.22, k(a) - 1 + (1.011 x 10-4) exp (9.446 X 10-5C). 0

The three dimensional form of Chaboche's fatigue model, which includes mean stress
effects, is given in Appendix D. This growth law may be written in the uniaxial form

[ 1 - D ,) O [ 0 ( a) ( D f) (3 )

where

C (- + 1) (4)

and M., C, J , y are material constants. The quantities Ao and CF represent the cyclic stress
amplitude and the cyclic mean stress, respectively.

Integration of this fatigue model from N = 0 (Dr = 0) to N = Nf (Df = 1) for a constant
stress amplitude, Ao, gives the number of cycles to failure in the form:

= ~ + 1)(1-) ( l -M a.1F)-

(5)

Substitution of (4) into (5) then gives the cyclic failure relation

Nf = C(A) -(1- bOa)a. (6),- ~(6)--..

From uniaxial fatigue tests carried out under constant stress amplitudes of ±80, + 85, + 90,
+ 95, ±100, _ 110, and ± 120 ksi under zero mean stress, the least square values

C - 3.809X 10X , y = 16.625

are obtained. The constants f, M. and b have the values

= 9.14, M. 286,000, b - 5.99)X 106.

The cyclic softening exhibited by INCO 718 at 1200"F (649°C) may be seen by the increase
in the width of the fatigue hysteresis loops in Figures 2-18 through 2-24. If the differential fatigue
model is integrated under constant stress amplitude, A(, from Df = 0 to D= D, the following
relation is obtained:

~N N = [1 - (1 -D -. 7-"
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K n
Equations (5) and (7) may then be combined to yield the accumulation of the damage parameter
D as a function of cycle number in the form

D = 1-([- (N)w+1)N'f L/Mo)]
1 / 

+ 1()

in which it is assumed that the mean stress, a., is zero.

This equation shows that the damage parameter accumulates slowly with cycle number at
the beginning of the fatigue test and accumulates rapidly towards the end of the test. 5
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Figure 2-18. Hysteresis Loops for INCO 718 at 1200°F (649°C) Under ±80 ksi Stress
Amplitude Loading at 10 cpm
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Figure 2-20. Hysteresis Loops for INCO 718 at 1 2000 F (6490 C) Under ± 90 ksi Stress
Amplitude Loading at 10 cpm
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Figure 2-21. Hysteresis Loops for INCO 718 at 12000 F (6490C) Under ±100 ksi Stress
Amplitude Loading at 10 cpm
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Figure 2-23. Hysteresis Loops for INCO 718 at )200*F (6490 Under ±110 ksi Stress
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Figure 2-24. Hysteresis Loops for INCO 718 at 1200'F (649*Q2 Under ±120 ksi Stress
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Figure 2-25 shows a least square fit to the experimental Wohler curve for INCO 718 at

12(00"F (649"C), while Table 2-7 compares the predicted least square values against the

experimental results.
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Figure 2-25. Wohler Curve for INCO 718 at 1200°F (6490C)

Table 2-7. Comparison of Theoretical and
Experimental Fatigue Failure Data (C
- 3.809 x 1090 and y = 16.625)

Stress Range (Dsi) NI = C(A-QM Experimental Nt

160 (±80) 11,542 9,671 and 22,826
170 (±85) 4,213 5,728
180 (±90) 1,629 593
190 (± 95) 663 357
200 (± 100) 283 578
220 (±110) 58 50
240 (±120) 14 17

The data presented in Figure 2-25 can be enclosed in a scatterband by taking the constant C
to have the values C = 7.6 X 1090 and C 1.9 X 1090, respectively.

To obtain the accumulation of damage parameter with cycle number on an experimental
basis, the following procedure was used. The unified viscoplastic constitutive formulation with
the damage set equal to zero was integrated over two cycles under fully reversed strain controlled
conditions at a strain rate of e = 5.3 X 10- 3 per second. The computed stress amplitude, Aa, was
then determined as a function of the inelastic width of the loop, Ac*, for various strain
amplitudes and fitted to obtain the following power law relationship:

Ac* AO~rm 'C (9)"
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where KC 902,757 and mc = 4.25. This cyclic stress-strain relation does not include the
accumulation of damage. With damage included, equation (9) may be written in the form:

Ac = () . (o).,10)

These relations allow the damage parameter Df to be written as

Df =1 - Ac*) , (11) F

where Ac* is the width of the hysteresis loop when the damage parameter Df is zero, and Ac is the
width of the hysteresis loop with damage included. Figure 2-21 shows the increase in the width of
the hysteresis loop in a test carried out at Ag = 200 ksi (± 100 ksi) at 1200°F (649"C). The values
of Ac* found from the first cycle can then be divided by the width of the loop, Ac, at the Nth
cycle. Equation (11) then allows a plot of Df versus N to be constructed. Plots of Df versus N
found in this manner are displayed in Figures 2-26 through 2-28.
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Figure 2-26. Accumulation of Damage Parameter With Cycle Number at Constant Stress
Amplitude Ao = 160 ksi (+1-80 ksi)

In the construction of these figures it has been implied that Kc in equation (9) was constant,
and that Ac increased due to an increase in DU But the tests shown in Figures 2-2 through 2-4
under strain controlled conditions show that INCO 718 cyclically softens at 1200F (649"C),
implying that KC decreases with cycle number. This suggests the following interpretation of
Figures 2-26 through 2-28. Over the first half of the fatigue tests, the apparent rise of the damage
parameter and its subsequent saturation to an apparent plateau value of Df 0.7 may be
attributed to cyclic softening in which the actual damage parameter is very small.
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Figure 2-27. Accumulation of Damage Parameter With Cycle Number at Constant Stress
Amplitude Aa = 200 ksi (+/-100 ksi)
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Figure 2-28. Accumulation of Damage Parameter With Cycle Number at Constant Stress
Amplitude Ao = 240 ksi (+1-120 ksi)

The apparent rise of Df is due to the decrease in Kc from cyclic softening. As K. saturates to
a reduced value under cycling and the actual damage parameter is still small, a plateau is reached.
Finally, as Dr increases rapidly at the end of the test, the curve rises steeply. Most of the increase
in the width of the loops in Figures 2-2 through 2-4 with increasing cycle number is therefore
attributed to cyclic softening and not to an increase in the damage parameter.
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2.4 FINITE ELEMENT MODELING

2.4.1 FORTRAN Code

The unified viscoplastic constitutive formulation including Chaboche's continuum
creep/fatigue model outlined in Appendices B, C, and D was incorporated into a FORTRAN
subroutine of the ABAQUS [1] general purpose nonlinear finite element program. A listing of the
FORTRAN subroutine has been supplied to the Air Force.

The ABAQUS program solves the nonlinear finite element equilibrium equations by a
Newton-Raphson iterative method. For quasistatic loading conditions the finite element
equilibrium equations are solved in the form:

Z(( BT J B dV) c' = P(t + t) - Xk BT (,(t) + A(,&uk))dV, (12)

w!

Auk I = Auk + ck.
(13)

In these equations the matrix B transforms incremental nodal displacements Au to
incremental strains according to the relationship -.

I

A( B Au.
(14)

The stress increment Ao for the unified viscoplastic constitutive formulation is a function of the
strain increment AF, and is therefore a function of the nodal displacement increments Au via
equation (14). Equation (12) provides the correction ck to the kth iteration for the displacement
increment Auk.

In order to implement the Newton-Raphson iterative method for solving the finite element
equilibrium equations, it is necessary to provide the Jacobian matrix J in equation (12). This
matrix is determined from the relationship

t + •(15)

Since the unified viscoplastic formulations result in rather stiff differential equations, the stress
increment Au resulting from Au must be determined by a subincrement method. The simplest
method, and the one used in the present contract, is to split the finite element increment into a
number of equally sized subincrements and to integrate the viscoplastic equations over each
subincrement with an Euler forward difference method. This can result in an unstable
integration operator if the subincrement size is too large. In the FORTRAN subroutine the
inelastic strain rate is determined by the forward difference representation of equation (1) of
Appendix B. If the magnitude of the argument of the exponential factor in equation (1) exceeds
30 in any subincrement, the integration procedure is stopped. The number of subincrements is
then tripled and the subincrement integration procedure is restarted from the beginning. This
procedure is repeated until no subincrement produces an exponential argument magnitude
greater than 30.

Since the Jacobian matrix J cannot be obtained in algebraic form when a subincremental " Y
integration procedure is used, it is necessary to obtain this matrix numerically. A numerical 0
Jacobian matrix is computed in the following manner. First, the viscoplastic constitutive
subroutine is entered to determine the stress increments Aa., Aoyy, Aoay corresponding to the
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strain increments A' , AtYY, A&. Let A u" A , Aoy be the stress increments corresponding to
the iperturbed strain increments Ac11 + 0.01 Ac, AYY, Ae1 y; let A".., Arg, AuY correspond to the
perturbed strain increments Ac, 1, AcYY + 0.01 Acyy, Ac1,; and let As==, Aug, Aeuy correspond to
the perturbed strain increments A(.,, AF.,Y, Acy + 0.01 Ac1Y. The numerical plane stress Jacobian
is then determined from the matrix relation: .

Au'. Aff.. AG - Affixu -

0.01A ,, 0.01 A(Y 2(0.01 AEY) . .'

0.01 A( 2(0.01Ae1,) (16)
Af'yY -A,.

Symmetric Au* Au',L ~ ~2 (0. 0 1 AZ)

Thus, the plane stress Jacobian matrix requires four calls to the viscoplastic constitutive -
subroutine at each Gaussian integratkin point in the structural model. One call is required to P
obtain the unperturbed stress increment Au, while three additional calls are required for each
perturbed strain increment.

It is necessary to use the same number of subincrements in each of the four calls to the
viscoplastic constitutive subroutine. Otherwise, the Jacobian matrix will contain components -
resulting from the operation a ol (change in number of subincrements). For this reason it was
not considered worthwhile to change the size of the subincrements by means of some self-
adaptive error detecting method during the finite element integration step, since the size of each
subincrement would have to be stored in order to use the same subincrement breakup in each of
the perturbed strain increment calls to the constitutive subroutine. The simple procedure of
using enough subincrements to prevent the magnitude of the exponential argument from
exceeding the value of 30 was therefore adopted.

In order to determine the number of subincrements to be used in the finite element

integration step, the following empirical procedure was adopted. Let Ac.. denote the largest - ".
absolute value of either A%, , A.1y or Acxy for the case of plane stress. Numerical studies have 41
shown that the forward difference integration procedure is generally stable provided the strain
increment does not exceed the value of 104 . The number of subincrements for a given Gaussian
integration point in some finite element in the structure is then determined as Ae. 1 / 10- . In
crack propagation experiments in a compact type specimen, the stress and strain increments are
large only in the immediate vicinity of the crack tip. All other elements away from the crack tip
vicinity generally experience small strain increments. Thus, in the element ahead of the crack
tip, the Gaussian integration points may require 50 subincrements, while those elements further
from the crack tip generally require only 2 or 3 subincrements.

If the finite element load increment is large, then all of the finite elements will require a
large number of subincrements to integrate the constitutive relations. This will be the case for
structures which are free of large stress or strain gradients. However, for cracked structures, the
large stress and strain gradients in the vicinity of the cracks and stress risers prevent large finite
element load increments from being taken. This arises from the fact that the large stress or
strain gradients give a very small radius of convergence to the Newton-Raphson iteration method
for solving the finite element equilibrium equations. This small radius of convergence of the
iteration method for cracked structures is not peculiar to the Newton-Raphson method. During
the contract a Picard, or successive substitution method, was also used to solve the finite element
equilibrium equations. For cracked structures the radius of convergence of this iteration method
was also found to be very small. in addition, the rate of convergence for small increments with
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the Picard method is linear, whereas the rate of convergence of t. 'ewton-Raphson method is
quadratic. For this reason the Newton-Raphson iteration method f,,r solving the finite element
equilibrium equations for cracked structures appears preferable to the Picard successive
substitution proeedure. . ii

The fact that small finite element increments must be used to solve the equilibrium
equations for cracked structures implies that most of the structure is subjected to very small
finite element strain increments. One or two subincrements are then required for most of the
Gaussian points in the structure, and it is doubtful if more refined integration methods (implicit)
are required for these structures.

When continuum damage is coupled with the unified viscoplastic equations, the system
becomes unstable when the damage parameter approaches unity. In this case the constitutive
equations, when written in differential equation form, will always tend to exhibit unstable
behavior whether or not explicit forward difference or implicit backward difference methods are
used in the integration method. The tendency to unstable behavior in the differential equations
arises from the fact that the right hand sides of the differential equations become very large as
the damage parameters approaches unity. In this case it may be advantageous to apply a
recursion method (see [71) to integrate the integral form of the unified constitutive equations,
since in this case the factor (1-D) appears on the right hand side of the equation for the stress. As
D approaches unity the stress decreases to zero and no instability should be encountered. --

I

2.4.2 Creep Crack Growth Modeling

Experimental creep crack growth data have been generated during the present contract by
loading compact type specimens of INCO 718 with applied load levels of 4000 lb end 4725 lb at
1200'F (649*C). It is difficult to measure crack length as a function of time on the surface of the
compact type specimen with any accuracy due to the fact that the amount of crack growth is
usually small, and the crack may grow internally in the sp0,cimen without associated surface
crack growth. Instead of measuring creep crack growth directly, displacements across the crack . " :
were measured as a function of time at the two points shown in Figure 2-29 by means of speckle
interferometry (refer to paragraph 2.5). Finite element calculations were then used to determine
the theoretical creep crack growth rate with computed displacements at the two speckle
interferometry points which agreed with the experimental measurements. Crack growth versus
time is then obtained indirectly from the analytical results in the manner employed by
Hinnerichs [4].

The computations were made using plane stress assumptions. Plane stress calculations
were chosen based on the analysis reported by Atluri and Nakagaki [101 where theoretical plane
stress J integral values gave the best agreement with 1.0 inch thick compact type specimen test
data. The thickness of the compact type specimens used in the present contract is 0.5 inch. Plane
stress computations were also chosen by Hinnerichs 141 to analyze creep crack growth in a center
cracked plate which had a thickness of 0.3 inch with crack lengths as small as 0.12 inch.

Figure 2-30 shows the finite element mesh used to analyze one half of the compact type
specimen. The mesh for the creep crack growth computations consists of 115 isoparametric 8
noded quadrilateral elements with 420 node points. Reduced integration was employed in the
analysis so that the surface integrations over each element, required in the formulation of the
matrices in equation (12), employed only four Gaussian integration points per element. Thirty-

six square elements, each of dimension 0.01 in. by 0.01 in., are located in the area immediately
surrounding the crack tip. Details of the crack tip mesh are displayed in Figure 2-31.
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Figure 2-29. Location of Two Points on Either Side of the Cra4 k Where Dispkacement Is
Measured by Speckle Interferometry
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Figure 2-30. Finite Element Mesh for Creep Crack Growth in Compact Type Specimen
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Figure 2-31. Detail of Crock T'i/ Rcgio (impact Tpe Specimen

The adequacy of the finite -ltmeni inesh was checked by computing the elastic stress
intensity factor generated by the model under plane strain conditions. For an applied load P, the - --

stress intensity factor is given by"
EP aa I ( ,] ,:.:::

K, = [ 12I --- (17)

In the above formula, a is the perpendicular distance from the crack tip to the point of I.
application of the load P, and 6(a) is the displacement of the load application point perpendicular
to the centerline of the compact type specimen and measured with respect to the centerline. The
displacement 6(a+l) is the corresponding displacement of the load application point when the
crack is of length a+i, with 1< -<a. 1tsing the values P - 4000 lbs, E = 26.3 x 106 lb/in.2, v = 0.3, t

0.5 in., a = 0.395 in.; I = 0.01 in.. the plane strain elastic finite element model gives 8(a+l) =
2.6978 X 10 - 1 in. and 6(a) 2.6715 .. HK-- in. Equation (17) then yields the value K1 = 23,701
lb/in.3/2. The handbook formula 1111 for the elastic stress intensity factor of a compact type
specimen is

K 10. 8 86 + 4.64a- 13.32o' + 14.72(,' 5.(iOt'](2 + y)

t/W (1 -a) (18) "

where

a a/W
(19)
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This foJrmula is valid tor 0.2 a/W !s 1. Taking a - 0.395 in., W 2 in. gives a/W
(0.1975 which lies just b~elow the inferior limit. With P 4000 lb, t 0.5 in., W 2.0 in., the
handbook stress intensity factor is

K1  23996 lb/in.
3/2

which compares favorably with the finite element prediction of

K! = 23701 lb/in.3/ 2

For the case of the 4725 lb applied load, the values for insertion into equation (12) are:

P = 4725 lb, E = 26.3 x 106 lb/in.2 , v = 0.3, t = 0.5 in., a = 0.445 in., 1 = 0.01 in., 8 (a+l) = 3.3401
× 10-a in., 8(a) = 3.3081 x i0- in. The finite element plane strain calculation of the elastic
stress intensity factor therefore gives

K I = 29560 lb/in.3/2

while the handbook formula for a/W 0.2225 and t 0.5 in. gives

K1 = 30488 lb/in. 3/ 2.

For both of the applied loads, the finite element mesh gives plane strain elastic stress
intensity factors which compare favorably with the handbook values. This justifies the use of the
mesh for further crack growth studies.

The finite element predictions were made by applying the load to the top surface of the
specimen as indicated in Figure 2-30. No modeling of the actual pin hole was attempted. In order
to study the effect of different loading conditions on the elastic stress intensity factor, several
plane strain elastic calculations were performed using the boundary element method. In this
method only the boundary of the compact type specimen is modeled so that it is an easy matter
to change the element mesh and loading conditions. The boundary element method is described
in the books by Brebbia 112] and Banerjee and Butterfield [13]. A simple program employing
constant displacement and tractions in each boundary element was employed. The compact type
specimen was modeled with a total of 122 boundary elements with 244 degrees of freedom.
Details of the boundary element mesh in the vicinity of the crack tip for the 4000 lb loading
condition with a crack of length 0.395 in. is shown in Figure 2-32. The stresses o., a. and oTY at
a polar angle of 0 = ic/2 and at radii of 0.0005, 0.001, 0.004, 0.006, 0.008, and 0.010 in. from the
crack tip were computed with the boundary element program. Results of the plane strain elastic
stress intensity factor calculations for three different loading conditions are displayed in
Table 2-8. The results indicate that the omission of the pin hole, and the subsequent removal of
the applied load, P, to the more distant upper surface of the compact type specimen, does not
significantly affect the stress intensity in the crack tip vicinity. It would appear, however, that
omission of the pin hole with the load applied at the pin hole position, increases the stress
intensity factor at the crack tip for a/W values around a/W -z 0.2.

A further comment on the finite element calculations may be made at this point. In both
the finite element and boundary element calculations, the end of the compact type was modeled
with roller boundary conditions. These can be seen on the left hand side of Figure 2-30. It would
have been preferable to have used zero traction boundary conditions on the left hand side and to
have imposed the condition that the applied load can move only in the vertical direction but not
in the horizontal direction. These boundary conditions are more in accord with the actual
experimental conditions. From the agreement of the finite element stress intensity calculations
with the ASTM handbook result, it is concluded that the different boundary conditions would
not have a significant impact on the stress state in the crack tip vicinity.
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Internal Points in Boundary
Element Stress Calculation
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Figure 2-32. Boundary Element Distribution in the Vicinity of the Crack Tip

Table 2-8. Effect of Pinhole and Point of Load Application on the
Elastic Stress Intensity Factor K Obtained from Boundary
Element Method

W = 2.0

~~t= O .5 0 __

0 r K1* K 4 ** KK*** K 4  K1
4 K1 *44  K1

4  K** K o**

x/2 0.0005 17608 21108 22930 20665 24685 26916 18980 22476 24726
x/2 0.001 18666 20467 21634 21902 23884 25394 20118 21665 23332
x/2 0.004 19408 19736 20493 22755 22824 24075 20906 20473 22131
x/2 0.006 19414 19693 20436 22752 22669 24033 20M 20249 22095
x/2 0.008 19383 19742 20377 22705 22636 23996 20867 20155 22062
x/2 0.01 19345 19833 20287 22649 22658 23927 20821 20123 21999

Vt

230

,,, vr [-!- (I + sin 0 sin

•0 . 30 i " :'K;*'- I., V2-[ o L 1- ,,,, ,,-08 ) ] .

K, = 23701 by finite element method Tip of

K, 23996 by handbook formula
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Initially, the continuum damage model was incorporated into the unified viscoplastic
constitutive formulation, and the complete constitutive/continuum damage model was coded into
a FORTRAN subroutine of the ABAQUS finite element program. When the compact type
specimen is initially loaded to 4000 lb, a rapid stress redistribution occurs at the Gaussian
integration points closest to the crack tip. The stress at the point closest to the crack tip relaxes S
(decreases) while the stresses at the points further removed from the crack tip increase slightly to
preserve global equilibrium. After about 10 seconds the stress redistribution stabilizes and no
further change in the state of the compact type specimen occurs until about 94 minutes have
elapsed. The equivalent Von Mises stress at the Gaussian integration point closest to the crack
tip, viz., point 2 in element number 83 of Figure 2-33, has a value of 139,200 lb/in.2 . The
equivalent stress at integration point 1 of element 83 which is further removed from the crack tip S
has a much lower value of 100,600 lb/in.2 . After 94 minutes at the constant stabilized equivalent
stress value of 139,200 lb/in.2 , integration point 2 in element 83 begins to rapidly accumulate
creep damage and failure (creep rupture) occurs after 94.2 minutes. At this point the integration
procedure becomes unstable as the damage parameter approaches values close to unity.

3 4 3 4 3 4

X X X X X X

Element 81 Element 82 Element 83 4 Element 84

X X X X r-

1 2 1 2 1 2Crc ""

Reaction Forces at Reaction Force at
Specimen Centerline Crack Tip Node FD 268891

Figure 2-33. Detail of Crack Tip Showing Reaction Forces and Gaussian Integration Points

To avoid this instability, the Gaussian integration point was initially assumed to have failed
when the inelastic strain rate with damage included in the constitutive formulation reached three
times the magnitude of the inelastic strain rate without damage included in the formulation.
However, this results in creep rupture times which were much smaller than the true creep
rupture time. By assuming that failure occurs when the damage parameter reaches a value of
D = 0.7, instability is again encountered at high stress levels. There appears to be no way of
avoiding the continuum damage instability in the integration of the stiff unified viscoplastic
constitutive equations as long as they are integrated as differential equations. An integral
formulation of unified viscoplastic formulation may be found in Reference [7], and it would
appear that instability can be avoided if the integration procedure uses a recursion procedure to
step from time = t to time = t + At. This procedure was not used in the present contract due to
the fact that a suitable algebraic Jacobian matrix, J = (a a/ a ,),t, could not be developed.
Some recent applications of the numerical procedure to determine the Jacobian matrix for the
integral formulation have proved successful, and this method ought to be pursued further in an
attempt to obtain a stable integration method for the coupled viscoplastic/damage equations.

Since the equivalent stress at the integration point closest to the crack tip remains constant
for 94 minutes after the initial 15 second transient, and failure occurs at 94.2 minutes, it was
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decided to remove the damage computation from the viscoplastic FORTRAN subroutine to avoid
the instability due to continuum damage accumulation.

The computations for creep crack growth now proceeds as follows. First, the compact type
specimen is loaded to either 4000 lb or to 4725 lb. After a brief transient stress redistribution in
the vicinity of the crack tip, the equivalent stress remains constant at the Gaussian integration
point closest to the crack tip, viz. integration point 2 in element 83 of Figure 2-33. The time to
failure for this integration point can then be determined from equation (2). From equation (5) of
Appendix B, the last two terms are responsible for decreasing the stress at a material point due to
the growth of the damage parameter D. That is to say, as the point fails and its load carrying p
capacity diminishes with increasing damage, the stress at that point decreases and the load which
it carries is shed onto other surrounding material points in the structure. To simulate this
decrease in the load carrying capacity of the Gaussian integration point, four increments are
carried out in which the stress components are reduced by one half of their value at the beginning
of each increment. Each increment lasts for 0.25 second, so that once failure is deemed to have
occurred, the stress is reduced to about 6 percent of its initial stabilized value at the integration
point in 1 second. In each succeeding increment the stress is further reduced by one half of its
value as the analysis proceeds. Integration point 2 of element 83 in Figure 2-33 has now failed.
The displacement boundary conditions at crack tip node C in Figure 2-33 are replaced by force
boundary conditions. The reaction force required to hold the crack tip node C in its current
location is then released in four (4) increments over a period of 1 second and the crack advances
to the adjacent node B halfway through the isoparametric element.

A brief transient stress redistribution lasting for about 15 seconds again occurs, followed by
a stabilized condition. The equivalent stress after stabilization is then computed at integration
point 1 of element 83, and the time to rupture determined once again from equation (2). Once
failure has occurred the stress is shed from integration point I to 6 percent of its value in 1
second, and the crack tip node B is released in four increments over a 1 second period and the
crack advances completely through the isoparametric element to the adjacent node A. This
procedure is repeated for all nodes lying in the crack plane ahead of the advancing crack.

The justification for the decoupling of the viscoplastic and continuum damage constitutive j
models is based on the following observations:

A. The stress falls off very rapidly from the crack tip in the crack plane of a
compact type specimen. Consequently the stress at the integration point
closest to the crack tip is large and the rupture or failure time is fairly small.
The second integration point in the crack tip element and the integration
points further away are subjected to such small stresses that the amount of
damage accumulated by these points at the time the integration point
closest to the crack tip fails is practically zero. The creep rupture time in
equation (2) can then be used for each integration point in turn. Even if the
damage accrued by each point is not small, the rupture time can still be
determined from equation (1) by integration.

B. The transient stress redistribution after initial load-up or after a node
release, redistributes in a time which is much smaller than the time required
to fail or rupture the integration points closest to the crack plane. Each
integration point is therefore subjected to a constant stabilized stress for
most of its life.
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2.4.3 Fatigue Crack Growth Modeling

Experimental fatigue crack growth data have been generated during the present contract by
loading compact type specimens of INCO 718 with cyclic triangular load histories at 1200*F
(649°C). The stress ratio (R) used was 0.1 with maximum and minimum loads of P,, = 3069 lb
and Pmin = 307 lb applied at a frequency of 10 cycles per minute (cpm). Crack length was
determined directly as a function of cycle number by averaging the measured crack length on
each side of the specimen. One compact type specimen was subjected to a pure fatigue loading of
10 cpm until fracture occurred, while the other was subjected to the same fatigue loading history
with four dwell periods early in the life of the specimen. During these dwell periods the load was
maintained at the maximum value of 3069 lb for 30 minutes.

The finite element computations were made with plane stress assumptions using eight (8)
noded isoparametric quadrilateral elements with reduced integration, viz. four (4) Gaussian
integration points per element. For the reasons cited in section 2.4.2 the fatigue crack
computations were made using the uncoupled damage and viscoplastic constitutive formulations. S

Computations of the fatigue crack growth proceed as follows. The compact type specimen is
first loaded to a maximum load Pm,, then unloaded to the minimum load, Pmin, and finally
reloaded to P,. During this cycle the maximum and minimum principal stress values at the
Gaussian integration point closest to the crack tip are determined. The assumption is then made
that this cycle continues unaltered until fatigue fracture of the point occurs. The number of
cycles required to fracture the Gaussian integration point is given by the three-dimensional form
of equation (6). The specimen is now unloaded to the minimum load value Pm".

As with the creep calculations, the decrease in the load carrying capacity of the integration
point was simulated by carrying out four increments in which the stress components are reduced
by one half of their value at the beginning of each increment. Each increment lasts for 0.25
second, so that once fatigue failure is deemed to have occurred, the stress is reduced to about 6
percent of its initial value at the failed Gaussian integration point in I second. In each succeeding
increment the stress is further r duced by one half of its value as the analysis proceeds. After
failure of the integration point the displacement boundary conditions at the crack tip node are
replaced by force boundary conditions. The reaction force required to hold the crack tip node on
the centerline of the specimen is then reduced to zero in four increments over a period of 1
second. The crack then advances to the adjacent node on the crack plane halfway through the
isoparametric element.

The specimen is now at the minimum load value with the crack advanced halfway through
an element. A cycle is now imposed on the specimen in which the load is increased to P,,,,,
decreased to Pmi, and increased once again to P,.. During this cycle the maximum and
minimum principal stresses at the new integration point ahead of the crack tip are determined
and the number of cycles required to fracture this new integration point are determined. The
integration point's load carrying capacity is then diminished by forcible stress reduction and the
crack tip node is released after the load is decreased to Pmin" This procedure is repeated for each
node release.

2.5 EXPERIMENTAL MEASUREMENTS

All test specimens were machined from AMS 5596C (INCO 718) in the form of 0.5 in. (12.7
mm) thick flat plates having nominal dimensions of 12 in. X 4 in. (305 mm X 102 mm). The

p. specimens were oriented with the fracture surfaces parallel to the rolling direction.
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The smooth axial low cycle fatigue (LCF) specimens shown in Figure 2-34 were designed to
conform to the ASTM E 606-80 recommended practice for constant amplitude low cycle fatigue
testing.

I

i.

KFAE 199790

Figure 2-34. Low Cycle Fatigue (LCF) Specimen

The tests were conducted in closed-loop servohydraulic LCF test machines. The tempera-
ture was maintained with clamshell-type furnaces and controlled uniformly over the specimen
gage section. -.-

The creep and tensile specimens were oriented in the same direction as the LCF specimens.
The tests were also conducted under the appropriate ASTM standards.

The standard compact type (CT) specimen shown in Figure 2-35 was used to obtain the
crack growth rate and the creep crack growth rate data. The cyclic crack growth testing was
conducted on a servohydraulic closed-loop, load-controlled testing machine, and the creep crack
growth testing was conducted on a hydraulic constant load test frame. All precracking and
testing was performed in accordance with procedures outlined in ASTM 647-83. The crack
lengths for the cyclic tests were measured on both surfaces directly with a traveling microscope.
The specimen heating was provided by resistance, clamshell furnaces having windows to allow
observation of the crack growth at test temperature. The crack extension for the creep crack

. growth tests was determined by a laser heterodyne optical strain measurement system which is
discussed in the following paragraphs.

The concept of the heterodyne optical strain measurement system is illustrated in
Figure 2-36. A laser beam is split into two parallel beams illuminating two closely spaced points
on the object. The comparatively rough surface of the object scatters the laser light in a random
manner resulting in two speckle fields reflected from the object surface. These two speckle fields
are imaged by a lens system onto the film plane. If a photographic plate is placed at the film
plane, a photographic recording of this speckle interference pattern is made.
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Figure 2-35. Compact Type (CT) Specimen
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Figure 2-36. Optical Strain Measurement Concept

The recording of the speckle interference pattern is then relocated in the same position it
occupied during exposure. When the object is loaded in the X direction (Figure 2-36) causing
points A and B on the object to separate in-plane, the spatial frequency of the fine interference
fringes will change relative to the pattern previously recorded on the photographic plate with no
load on the object. The effect of this change in frequency is to generate a change of phase angle
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between the interference pattern reflected from the object and the one recorded on the plate. The
result to the observer will be the creation of a Moire' fringe pattern, each fringe of which
represents a 180 degree shift in phase. The spatial frequency of these Moire' fringes is
proportional to the strain on the object between points A and B.

In previous methods, the Moire' fringes were simply counted and the number of fringes
directly related to strain. However, these methods have significant limitations in accurately of
measuring strain, such as: (1) strain values corresponding to less than one fringe across the field
of view cannot be measured, (2) location of the fringe centers is not accurate, and (3) no
distinction can be made between positive and negative strain. All of these undesirable limitations .
can be eliminated by the incorporation of heterodyned interferometry.

To implement heterodyned interferometry into the system shown in Figure 2-36, a device
for constantly changing the phase of the laser beam prior to the beam splitter is added. This
causes the Moire' fringes observed in the film plane to scan across the field of view in a constant
direction. If the observer is replaced by a photo diode, the output of which is supplied to a phase
meter, small changes in phase can easily be measured. Phase meters can accurately measure
phase changes to within 0.5 degree which is equivalent to dividing each Moire' fringe into 1000
parts. Therefore, heterodyned readout of the Moire' fringes greatly increases the resolution and
accuracy over typical optical techniques.

The heterodyne optical strain measurement system developed in the Materials Engineering
and Technology Laboratory (ME&T) of Pratt & Whitney (P&W) is shown in Figure 2-37. The
laser used is a 2 watt argon ion laser. The heterodyne signal is provided by a X/2 retarder plate
mounted in the hollow shaft of an electric motor and by a stationary X/4 retarder. The laser beam
is split by a calcite beam displacer into two parallel beams 0.100 in. apart, which are then directed
by mirrors to the specimen. The light scattered from the specimen is gathered by the strain
sensor head and focused onto the photographic plate located in the plate holder. Two
photodiodes are placed directly behind the plate.

The signals from the photodiodes after being amplified and filtered, are fed into a counter
that measures the phase of the signal from one of the diodes relative to the other. It has been
shown that the phase difference between the two signals (T) can be related to the in-plane strain
on the specimen (e) by:

e (p/360) (X/2d sin 0)
I

where X = wavelength of laser light
d - distance between two laser beams
0 - half the angle from the specimen surface to the photodiodes

To conduct elevated temperature tests, an enclosure to stagnate the air between the
specimen and the photodiodes is required as shown in Figure 2-37. An access port in the side of
the furnace allows the light to reach the specimen and reflect back to the sensor head through a
tunnel. The box around the sensor head helps stagnate the air and also shields the photodiodes
from room lights. . "-
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SECTION 3.0

RESULTS

3.1 CREEP CRACK GROWTH

The displacement of two points, located on either side of the crack tip as shown in
Figure 2-29, was measured as a function of time by the speckle interferometry technique
described in paragraph 2.5. Specimen dimensions and pertinent load data are shown in

*Figure 3-1.

t-

1.2W
0.54Wka

P

Creep Specimens Fatigue Specimen

P =4000 P =4725 1maw 3069, Pm~n 307
W -2.0 W=2.0 W -2.5

ao 0.275 a 0 =0.275 ao= 0.375
a =0.395 a = 0.445 a = 0.505
t -0.5 t - 0.5 t = 0.5

FD 268892

Figure 3-). Dimensions of Compact Type Specimens Used in Creep and Fatigue Crack
Growth Experiments ]
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Figures 3-2 and 3-3 show the experimental displacement of one of the points in the %
y-direction (see Figure 2-29) as a function of time elapsed after application of load to the compact ."
type specimen. The displacement is measured with respect to the centerline of the specimen and
represents an average value for the two locations.
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Figure 3-2. Displacement from Centerline in the y-direction of Speckle Interferometry Point
for Specimen Load of 4000 lbs
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The theoretical and experimental results corresponding to the initial portion of these
curves are displayed in Figures 3-4 and 3-5. Tables 3-1 and 3-2 give the Von Mises equivalent
stress, all, obtained from the finite element calculations, and the time required to rupture each
Gaussian integration point, tr, computed with the formula

tR = lAd41 Ik(ari) + 11-.• -i (20)

30
Legend:

25 Regression Line

Experimental

20 Predicted

Displacement
from Centerline 1.

( 10-5 in.)
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0 50 100 150 200 250 300 350 400
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FD 268895

Figure 3-4. Comparison of Measured and Predicted Displacements for Loads of 4000 lbs
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Figure 3-5. Comparison of Measured and Predicted Displacements for Loads of 4725 lbs
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Table 3-1. Finite Element Equivalent Stress versus Rupture Time for 4725 lb Load

Prior to Release tR (see) Required for
Portion of of Node o1! (psi) tR (sec) Calculation to Agree

Curve Number Calculated from Egn (20) With Experiment

A 1 158,200 385 770
B 2 156,100 516 1,032
C 3 154,500 646 1,292
D 4 161,000 261 522
E 5 159,500 321 642

tR is computed from equation (20) using the material constants A = 2.394 X 10- 43, r = 7.22, k(a11 ) I 1 +
(1.011 X 10- 4 ) exp (9.446 X 10-5cli ), corresponding to a least square fit of the uniaxial creep rupture data
obtained in the present contract.

Table 3-2. Finite Element Equivalent Stress versus Rupture Time for 4000 lb Load

Prior to Release tR (sec) Required for " -
Portion of of Node all (psi) tR (seC)* Calculation to Agree S

Curve Number Calculated from Egn (20) With Experiment

A 1 139,200 5,652 2,826
B 2 140,300 4,830 2,415
C 3 147,200 1,809 904
D 4 149,300 1,343 672
E 5 139,400 5,492 2,746 -

PS.
tR is computed from equation (20) using the material constants A -2.394 X 10-1, ir = 7.22, k(a11  I +
(1.011 X 10

- 4) exp (9.446 X 10-5O1 ), corresponding to a least square fit of the uniaxial creep rupture data i
obtained in the present contract,

The portions of the curves labelled A, B, C, D, and E in Figures 3-4 and 3-5 correspond to
stabilized behavior of the compact type specimen after the 15 second transient and prior to the
release of nodes 1, 2, 3, 4, and 5 ahead of the crack tip. As noted in Table 3-1 the material
constants A and r in the creep rupture equation are chosen to give a least square fit to the
uniaxial creep rupture data generated in the present contract, as opposed to the values quoted in
Figure 2-17, which correspond to a least square ft to three sets of independent data.

It is clear from Figures 3-4 and 3-5 that the computed displacement, and hence the p
computed creep crack growth rate, is about a factor of two, too small at the 4000 lb loading level
and too large at the 4725 lb loading level. Hence, the material constants generated from the
uniaxial creep rupture data also give an approximate least square fit to the creep crack growth
data.

Tables 3-1 and 3-2 show the rupture times required for the creep crack growth calculations .
to give agreement with the experimental displacements displayed in Figures 3-4 and 3-5. These
times were obtained very simply by doubling and halving the computed creep rupture times for
the 4725 lb and 4000 lb load cases. A plot of log oII vs log tR obtained in this manner from Tables
3-1 and 3-2, which gives agreement between the experimental and finite element displacements
at the speckle interferometry points, is given in Figure 2-17. As expected, the points lie on either
side of the least square data line obtained from the three sets of uniaxial creep rupture data.

A plot of the Von Mises equivalent stress contours during the creep crack growth
computations are shown in Figures 3-6 through 3-15. The frame in which the contours are
displayed corresponds to the 36 finite element mesh pattern shown in Figure 2-31. The contours
corresponding to negative values of the equivalent stress should be disregarded, since the
negative values are used merely to set the contour spacing increnients, and are not generated by p
the finite element calculation.

3-4



5

I

S

S

-~

0z
I.K 2

0 0

- z F

L.

4- '4-

L. L.

o 0
- 4-

0 0

L

0

Ih

I
U) U)ii

~

';-~ ~+++-,-+++ I U~,-- .. (~A * -

~cwsn,~a~o,-

~U)O~

S

3-5



-~C

+ +.

tzz

3-6



cl ala40 n 0 o 0

. . . . .. ..

L. L

3-7~



gas 0

0Y 0)a YC o04

++ T

3-8-



OD.

M n,

0

Go0

. ..... C:WL , ,.uU

04 0. )0 G 0C n

3-9



3.2 FATIGUE CRACK GROWTH

Experimental fatigue crack growth rates, both with and without hold periods at the
maximum load level, were measured as a function of cycle number. Specimen dimensions and
pertinent load data are shown in Figure 3-1. 0

Experimental crack growth data for the pure fatigue case, in which the compact type
specimen was cycled to failure under a triangular load history at 10 cpm, are shown in Table 3-3
and Figures 3-16 through 3-18. Corresponding data for a specimen with the same load history, in
which two hold periods of 30 minutes duration at the maximum load level of 3069 lb were applied
early in the specimen's life, are shown in Table 3-4 and Figures 3-19 through 3-21. The increase
in crack growth rate due to the hold periods is similar to that observed by Sadananda and
Shahinian 1141.

Attempts at simulating the fatigue crack growth experiments with the finite element mesh
shown in Figure 2-31 showed that the mesh surrounding the crack tip was too coarse. A plot of I
the stress decrease along the crack plane in the compact type specimen for an initial crack length
of 0.395 in. at a maximum load of 3069 lb is displayed in Figure 3-22. The finite elements
surrounding the crack tip in Figure 2-31 are 0.01 in. in length, and Figure 3-22 shows that the
stress decreases by almost a factor of two in the element closest to the crack tip. Moveover, the
Gaussian integration point closest to the crack tip experiences a maximum Von Mises equivalent
stress of only 108 ksi. The stress amplitude experienced by this integration point is therefore so
small (- 100 ksi) that the number of cycles required to fail or rupture this point is estimated to
be several million cycles. Clearly smaller elements are needed in the crack tip vicinity in order to
subject the Gaussian integration point closest to the crack tip to a sufficiently high stress .
amplitude. For the 0.01-inch element the integration point closest to the crack tip experiences an
almost elastic history, and 0.003-inch elements would probably be needed to simulate fatigue
crack growth for AK values around 20,000 lb/in. 3/2.

Instead of refining the mesh, which would have made the already expensive calculations
even more expensive, the simulation of the 3069 lb maximum load fatigue test was abandoned. Of
necessity, the simulation of the creep/fatigue interaction was also abandoned.

Finite element calculations of the cyclic crack growth rate as a function of stress intensity
factor range, da/dN vs AK, were performed with the existing mesh by loading the specimen
cyclically to a maximum load of 6000 lb and a minimum load of 1000 lb at 10 cpm. Material
constants in the fatigue model were then "fine tuned" to bring the computed da/dN versus AK
values into agreement with the experimental values obtained from the 3069 lb maximum load
fatigue test.

The number of cycles to failure for the multiaxial fatigue model is given by

Nr = C(Aal) (1 ba)' ,

(21)

where

r( + m,," an.
,

r + in .mm) C2 + (U7 )
K 2 + 2 2 (22) k.
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and 2 5W ~o"- -~" -cr or)t"
2 +

{ (o~' - r - - 1( 6+ - - 2' ' - o ' 2

2 (23)

The quantities oi"' and 0 imin are the maximum and minimum values of the ith principal stress
during the fatigue cycle.

Values for the material constants C and y were obtained from the uniaxial fatigue tests
carried out under stress control with zero mean stress (i.e., or=O for these tests). With C =

3 .80 9 XI09° and y = 16.625 the number of cycles to failure computed using equation (21) agrees
with the uniaxial test data to within a factor of two.

The material constant b determines the reduction in fatigue life due to an increase in the
mean stress. If N o is the fatigue life for a specified s ress amplitude under zero mean stress, then
the fatigue life, N, at the same stress amplitude with mean stress, 0Y, is given by

N
= (1- ba1)o. (24)-.(24) I,

Table 3-5 shows the results of uniaxial fatigue tests carried out under increasing mean stress
values at a stress amplitude of 160 ksi. The scatter in the data precludes a precise determination
of b from equation (24). If an average value of N o = 16248 is taken when a1 = 0, then the two data
points for ol = 20 ksi and a, = 40 ksi give a least square value of b = 2.6 X 10 - 6. Bui-Quoc [15]
suggests a value of b = 0.78/cyu for IN100, where au is the ultimate stress. Using values of 160 ksi
and 170 ksi for Yu gives values of b 4.9 X 10-6 and b 4.6 X 10-6 for INCO 718 at 1200OF
(649oC).

The value of b may now be "fine-tuned" so that the finite element calculation of da/dN
versus AK agrees with the experimentally determined values. For a compact type specimen with
W = 2.0 in., t = 0.5 in., Pma = 6000 lb, Pmin = 1000 lb and a = 0.395 in., we find that AK = 30,000
lb/in.3/ 2. From Table 3-3 the value of da/dN is found to be approximately 4.5 x 10-5 in. per cycle.
The finite elements surrounding the crack tip have a length of 0.01 in., and the crack advances
half way through an element every time the Gaussian integration point closest to the crack tip
fails. Thus, the finite element value of da/dN is obtained from the relation

da 0.005
=N Nf' (25)

where Nf is the number of cycles required for failure of the integration point under a stress
amplitude Aoll and mean stress al. The value of Nf is obtained from equation (21) assuming that
the integration point experiences a constant stress amplitude and mean stress until failure
occurs. The average values of Aa1 I and aI at the integration points closest to the crack tip during
the first four node releases were determined to he Aali = 128,000 psi and ci = 100,000 psi, with
considerable scatter about these values. We therefore obtain from
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_da 0.005
Nf= C(Aa,,) (1-ba,)'and- - = 4.5X10

the relation P

C(Aa1 1 ) (1-b 1 ) = 0.005
4.5X10- 5

Taking C = 3.809 x 1090, T = 16.625, 3 = 9.14, Ao11 = 128,000, a, = 100,000 gives b = 5.99 X 10-6

At first sight this value of b appears to be in reasonable agreement with the values deduced
earlier from uniaxial tests and from taking b = 0.78/o.. However, an examination of Table 3-6
reveals the extreme sensitivity of the number of cycles to failure, Nf, to changes in the constant,
b, at values of Aa 1 = 128,000 psi and a = 100,000 psi.

Since da/dN = 0.005/Nf, it is readily apparent that slight inaccuracies in the determination p
of b will affect the computed fatigue crack propagation rate by many orders of magnitude. This
variability arises from the fact that bo1 can vary from 0.2 to 0.8 as b ranges from 2 X 10-6 to 8 X
10-6 with a, = 100,000 psi. Values of 1 - ba1 when raised to the power of 03, with f 9, therefore
may change by many orders of magnitude. This sensitivity to mean stress arises from the very
large value of the mean stress o in the crack tip vicinity. The cyclic life is also very sensitive to

O. changes in the stress amplitude, Acll, since this quantity is raised to the power of y, where y ;z| •

16. This sensitivity to stress amplitude can also be seen by examining Figure 3-23 which
compares fatigue data obtained by Thakker and Cowles [9] to data obtained by the General
Electric Company. From this figure it may be observed that cyclic life increases from 5000 cycles
to about 1,000,000 cycles for a slight decrease in tot. strain amplitude.

The sensitivity of cyclic life to mean stress is, in some measure, due to the assumption
embodied in equation (4) for the exponent a, which leads to the result expressed in equation (24).
If more experimental data on mean stress effects had been gathered, the exponent a could have
been fitted to obtain the form proposed by Chaboche [8], viz.

i.. ~a = 1-a a ' *

au Umax (26)

with

a, = oe + (1-bag~ea.

(27)

In these equations omu and amean are the maximum and mean stresses in the cycle, % is the
ultimate stress, and oa is the fatigue limit. This form would no doubt reduce the sensitivity of
cyclic life to mean stress effects, but fatigue lives in Table 3-6 indicate that extrapolation of
cyclic life to mean stress values encountered at the crack tip is liable to uncertainty.
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'able 3-3. Crack Growth Data for Compact Type Specimen Under
Pure Fatigue at 10 cpm

Direct
Secant Seven Point Incremental
Method Polynomial Method

Cycles a K_ AK da/dN AK da/dN

1100.00 0.505
15000.0 0.513 16.76 15.08 2.137E-06
19000.0 0.522 16.93 15.23 2.138E-06
23000.0 0.543 17.22 15.50 5.225E-06 15.63 2934E-06
27000.0 0.555 17.56 15.80 3.187E-06 15.86 2.971E-06
31000.0 0.562 17.75 15.97 1.538E-06 16.05 3.068E-06
35000.0 0.571 17.90 16.11 2.300E-06 16.21 3.223E-06
39000.0 0.585 18.14 16.33 3.600E-06 16.46 3.768E-06
44000.0 0.606 18.50 16.65 4.110E-06 16.87 4.690E-06
49000.0 0.636 19.02 17.11 5.970E-06 17.36 5.482E-06
53500.0 0.661 19.59 17.63 5.556E-06 17.86 6.077E-06
57500.0 0.684 20.10 18.09 5.863E-06 18.34 6.817E-06
61000.0 0.709 20.62 18.56 7.171E-06 18.80 7.587E-06
64000.0 0.731 21.13 19.02 7.167E-06 19.26 8.571E-06
67000.0 0.759 21.69 19.52 9.600E-06 19.81 9.699E-06
69000.0 0.778 22.24 20.01 9.500E-06 20.21 1.077E-05
71000.0 0.801 22.72 20.45 1.140E-05 20.69 1.193E-05
73000.0 0.824 23.26 20.94 1.152E-05 21.20 1.359E-05
75000.0 0.853 23.89 21.50 1.460E-05 21.83 1.503E-05
76500.0 0.876 24.53 22.08 1.493E-05 22.37 1.622E-05
78000.0 0.906 25.21 22.69 2.033E-05 22.96 1.781E-05
79500.0 0.928 25.90 23.31 1.437E-05 23.62 1.960E-05
80500.0 0.948 26.46 23.82 2.045E-05 24.11 2.131E-05
81500.0 0.972 27.08 24.37 2.370E-05 24.63 2.358E-05 -
82500.0 0.995 27.75 24.98 2.320E-05 25.30 2.617E-05
83500.0 1.022 28.50 25.65 2.695E-05 26.04 2.868E-05
84300.0 1.049 29.32 26.39 3.306E-05 26.71 3.104E-05
85000.0 1.068 30.06 27.05 2.793E-05 27.38 3.239E-05
85700.0 1.093 30.79 27.71 3.500E-05 28.08 3.524E-05
86200.0 1.112 31.53 28.38 3.770E-05 28.63 3.729E-05
86700.0 1.126 32.13 28.92 2.980E-05 29.24 4.113E-05 -___=

87200.0 1.151 32.86 29.57 4.950E-05 29.94 4.438E-05
87700.0 1.172 33.71 30.34 4.090E-05 30.74 4.705E-05
88200.0 1.200 34.69 31.22 5.690E-05 31.66 5.031E-05
88400.0 1.209 35.45 31.90 4.225E-05 32.01 5.520E-05
88600.0 1.215 35.77 32.20 3.450E-05 32.45 5.731E-05
89000.0 1.241 36.47 32.82 6.288E-05 33.34 6.320E-05
89400.0 1.272 37.74 33.97 7.775E-05 34.49 7.573E-05
89700.0 1.290 38.92 35.03 6.000E-05 35.58 7.561E-05
89900.0 1.309 39.87 35.88 9.875E-05 36.30 8.066E-05
90100.0 1.330 40.91 36.82 1.018E-04 37.06 8.379E-05
90300.0 1.336 41.63 37.47 3.075E-05 37.93 8.939E-05
90500.0 1.362 42.52 38.27 1.277E-04 38.80 9.458E-05
90700.0 1.379 43.77 39.39 8.550E-05 39.84 1.025E-04

90900.0 1.400 44.94 40.45 1.065E-04 41.11 1.176E-04
91100.0 1.425 46.44 41.79 1.258E-04 42.48 1.266E-04
91300.0 1.449 48.12 43.30 1.195E-04 44.19 1.407E-04
91500.0 1.482 50.18 45.16 1.635E-04 .V3.20 1.517E-04
91600.0 1.496 52.01 46.81 1.420E-04 47.31 1.605E-04
91700.0 1.512 53.27 47.94 1.650E-04 48.58 1.676E-04
91800.0 1.528 54.63 49.17 1.525E-04 49.81 1.810E-04
91900.0 1.548 56.22 50.59 2.015E-04 51.26 2.120E-04
92000.0 1.565 58.00 52.20 1.765E-04
92100.0 1.592 60.24 54.21 2.705E-04
92200.0 1.628 63.60 57.24 3.525E-04
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AMS 5596 1200F (649C) Air 10 CPM R =0.1

a, 0.373 in P, = 3069 lb P,,n = 307 lb W =2.501 In. 8 = .500 In.
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Figure 3-16. Crack Length vs Cycle Number for Compact Type Specimen in Pure
Fatigue
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Figure 3-18. Correlation of Pure Fatigue Crack Growth Rate Data With AK by Seven
Point Incremental
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7'abb, 3-4. Crack Growth Data for Compact Type Specimen Under
Creep/Fatigue Interaction With 10 cpm Fatigue Cycle

Direct
Secant Seven Point Incremental
Method Polynomial Method

Cycles a Kmax AK da/dN AK da/dN

11000.0 0.548
11500.0 0.553 17.54 15.79 1.080E-05
30 Minute Dwell
12000.0 0.555 17.62 15.85 3.500E-06
13500.0 0.563 17.71 16.94 5.400E-06 16.00 5.376E-06

15000.0 0.569 17.86 16.08 4.300E-06 16.15 5.640E-06
15700.0 0.573 17.96 16.17 5.214E-06 16.22 5.915E-06
30 Minute Dwell
17000.0 0.584 18.11 16.30 8.231E-06 16.38 6.418E-06
19500.0 0.599 18.38 16.54 6.300E-06 16.69 6.912E-06
22000.0 0.618 18.73 16.86 7.5OE-06 17.00 7.216E-06
24500.0 0.633 19.08 17.17 6.120E-06 17.34 7.717E-06
27000.0 0.654 19.45 17.51 8.120E-06 17.70 8.653E-06
29500.0 0.676 19.90 17.91 8.920E-06 18.12 9.816E-06
32000.0 0.701 20.41 18.37 9.880E-06 18.64 1.094E-05
34000.0 0.726 20.95 18.86 1.275E-05 19.09 1.188E-05
35600.0 0.746 21.46 19.31 1.256E-05 19.48 1.273E-05 -
37200.0 0.764 21.88 19.69 1.109E-05 19.91 1.381E-05
38800.0 0.788 22.35 20.12 1.469E-05 20.36 1.520E-05
40300.0 0.810 22.89 20.60 1.520E-05 20.85 1.709E-05
41700.0 0.835 23.46 21.12 1.786E-05 21.40 1.879E-05
42700.0 0.856 * 24.02 21.62 2.075E-05 21.83 2.015E-05
43700.0 0.877 24.54 22.09 2.100E-05 22.31 2.180E-05
44700.0 0.897 25.07 22.56 2.035E-05 22.82 2.356E-05
45700.0 0.922 25.66 23.09 2.470E-05 23.39 2.547E-05
46700.0 0.949 26.35 23.72 2.685E-05 24.04 2.848E-05
47400.0 0.970 27.01 24.31 2.950E-05 24.57 3.053E-05
48100.0 0.990 27.60 24.84 2.900E-05 25.14 3.312E-05
48800.0 1.016 28.28 25.45 3.736E-05 25.77 3.666E-05
49500.0 1.040 29.04 26.14 3.393E-05 26.52 3.984E-05
50100.0 1.066 29.83 26.85 4.317E-05 27.25 4.242E-05
50600.0 1.091 30.67 27.60 5.000E-05 27.90 4.551E-05
51000.0 1.106 31.35 28.22 3.750E-05 28.49 4.836E-05
51400.0 1.125 31.95 28.76 4.725E-05 29.11 5.092E-05
51800.0 1.147 32.71 29.44 5.173E-05 29.79 5.458E-05
52200.0 1.170 33.57 30.21 5.538E-05 30.59 6.009E-05
52600.0 1.193 34.47 31.02 5.913E-05 31.49 6.578E-05
53000.0 1.221 35.53 31.98 6.963E-05 32.52 7.466E-05
53200.0 1.236 36.46 32.81 7.400E-05 33.12 8.228E-05
53400.0 1.252 37.16 33.44 8.150E-05 33.81 8.911E-05
53600.0 1.271 37.97 34.17 9.350E-05 34.58 9.701E-05
53800.0 1.292 38.94 35.04 1.070E-04 35.50 1.029E-04
54000.0 1.313 40.00 36.00 1.032E-04 36.51 1.060E-04
54200.0 1.337 41.19 37.07 1.225E-04 37.57 1.027E-04
54300.0 1.345 42.07 37.87 7.501E-05 38.07 1.097E-04
54400.0 1.356 42.60 38.34 1.100E-04 38.62 1.143E-04
54500.0 1.365 43.17 38.85 8.600E-05 39.15 1.159E-04
54700.0 1.392 44.26 39.83 1.382E-04 40.61 1.384E-04
54800.0 1.407 45.60 41.04 1.505E-04 41.46 1.436E-04
54900.0 1.423 46.61 41.95 1.580E-04 42.36 1.578E-04
55000.0 1.437 47.63 42.86 1.395E-04 43.35 1.623E-04
55100.0 1.452 48.65 43.78 1.495E-04 44.41 1.712E-04
55200.0 1.475 50.05 45.04 2.295E-04 45.63 1.774E-04
55300.0 1.489 51.48 46.33 1.400E-04 46.97 1..38E-04
55400.0 1.511 52.92 47.63 2.160E-04 48.35 1.902E-04
55500.0 1.527 54.56 49.11 1.685E-04 49.79 1.941E-04
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TFable 3-4. Crack Growth Data for Compact Type Specimen Under
Creep/Fatigue Interaction With 10 cpm Fatigue Cycle
(Continued)

Direct
Secant Seven Point Incremental
Method Polynomial Method

cycles a K. AK da/dN AK da/dNi.55600.0 1.546 56.18 50.56 1.910E-04 51.40 2.152E-04
55700.0 1.569 58.15 52.34 2.255B-04 53.28 2.331E-04-p
56800.0 1.591 60.38 54.34 2.165E-04 65.64 2.53SE-04
55900.0 1.622 63.27 56.94 3.180E-04 58.29 2.819E-04
5600.0 1.650 66.76 60.08 2.745E-04 61.41 3.189E-04F.56100.0 1.677 70.29 63.26 2.755E-04 64.86 4.108E-04
56200.0 1.718 75.08 67.57 4.005E-04
56300.0 1.764 82.02 73.82 4.620E-04

56400.0 1.857 96.79 86.21 9.370E-04
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AMS 5596 1200F (649C) AIR 10 CPM R=0.1
a, 0.374 in. P, = 3070 lb Pmm~ 307 lb W =2.496 In. 8 0.502 In. -
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Figure 3-19. Crack Length vs Cycle Number for Compact Type Specimen Under
Creep/Fatigue Interactions
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Figure 3-20. Correlation of Creep/Fatigue Crack Growth Rate Data With LiK by Direct
Secant Method
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Figure 3-21. Correlation of Creep/Fatigue Crack Growth Rate Data With AK by Seven
Point Incremental Polynoininal Method
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Figure 3-22. Stress Decrease Along Crack Plane in Compact Type Specimen for Initial

Crack Length a = 0.395 in. at Maximum Load of 3069 lb

Table 3-5. Effect of Mean Stress on Fatigue Life of INCO
718 at 1200*F (649*0

Stress Range (kst) Mean Stress 080i
Acofa N, (Experimnent)

160 (+80) 0 9,671 and 22,826
(-80)

160 (+100) 20 14,182
(-60)

160 (+120) 40 8,580
(-40)

Table 3-6. Sensitivity of N1  and
da/dN to Changes in the
Mean Stress Constant b at

Ar = 128,000 psi and a,~
-100,000 psi

b N, da/dN - 0.005/Nf

8 X 10-6 0.19 2.6 x 10-2
7 X 10-6 8 6.3 X( 104
6 x 10-6 109 4.6 x 10-5S
5 X 10-6 836 6.0 X 10-6
4 X 10-6 4,423 1.1 X 10-6

3 -6 10 e 18,098 2.8 x 10~
2 x 10-6 61,332 8.2 x 10-
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SECTION 4.0

CONCLUSIONS AND RECOMMENDATIONS

4.1 CONCLUSIONS

Creep and fatigue crack growth have been measured in compact type specimens of INCO
718 at 1200"F (649°C). Theoretical predictions of crack growth were made by employing the
ABAQUS nonlinear general purpose finite element program in conjunction with a unified
viscoplastic constitutive model and a continuum damage failure criterion.

Conclusions for the current program are summarized as follows:

A. Initial creep crack growth rates at 1200"F (649"C) in the INCO 718
compact type specimens can be predicted by the theoretical model. Crack
growth is assumed to take place due to creep rupture of the material in the
immediate vicinity of the crack tip and material constants for the
continuum damage creep failure model were determined from creep rupture
tests on uniaxial bar specimens of INCO 718 at 1200*F (649°C). Calcula-
tions were performed under plane stress conditions.

B. The differential form of the unified viscoplastic constitutive model becomes
very unstable when continuum damage is included in the formulation. It
appears that an integral formulation of the unified viscoplastic model
should be used to obtain a stable integration algorithm.

C. Speckle interferometry appears well suited for high temperature creep p
crack growth measurement.

D. Fatigue crack growth computations in compact type specimens made of
INCO 718 require a very fine finite element mesh in the vicinity of the
crack tip. The crack growth rate obtained from the continuum damage
fatigue model is sensitive to the large mean stress in the crack tip vicinity.
Uniaxial fatigue tests should be conducted at large mean stress values to
avoid extrapolation from tests carried out at small mean stresses. In the
computations carried out under the present contract the 0.01 in. finite
elements were too large and the continuum damage fatigue model required
too much extrapolation from small mean stress values to verify the failure
criterion.

4.2 RECOMMENDATIONS

Based on the experience gained in the present contract it is evident that:

A. Continuum damage models should be included in integral formulations of
unified viscoplastic constitutive models.

B. Boundary Element Programs should be modified to allow viscoplastic and
continuum damage theories to be incorporated. These programs could then
be used to compute crack growth under full three dimensional loading
conditions.

4-1
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C. Crack growth under general and thermomechanical loading conditions
should be studied in both an experimental and theoretical framework.

D. Fatigue experiments should be conducted under conditions similar to those -experienced in the vicinity of a crack tip, viz. under high mean stress

conditions and biaxial loading conditions.
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APPENDIX A

COUPLED CONTINUUM DAMAGE/INTEGRAL VISCOPLASTIC FORMULATION

2 2 e- Q(t) - ''j1

11 i(t) + (t + n U(t) (t) ) n(t)+ fe G(t)( DQGW 2

c13(t) = eo(t) + n,(t) c.k(t) + n 2(t) ( - Dt

2p7t) )R (4
K-t = Kt -&(t2ck.t(3)

(kj(t) = ijt + (t) + i 30(t) catj~(t '(5

2g~t 2fu~t)_______ (4

oEjg~t +0t
C,( ()(6)

t 6R 6
Q(t) = n(lk 4 ,) lQ)() d

2t C -6c.. 6

G~t) f (%) + ,Q)

0S
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APPENDIX B

UNIFIED VISCOPLASTIC EXPONENTIAL LAW FOR UNIFIED FORMULATION

- *P( V2/13(3a..12 - -1jN2- 0.))1 (a~2-fu

N/2/3(3,/2 - Qlj)(3s./2 - flu) (1

= n 2  - G £k,(2)
(n -n 5 R *(3)

G1  ( 3 +n 4 e R

K =K 1 + K2 e-(4)

it bOA1-D)ikk + 2,41l-D) U't-4) + 60X (F1D) ekk + 2A(1-:D) (it c,,-

(5)

84 CF- 6
40'U - (7)

The constants are chosen to have the values:

X= 1.517 E7, p = 1.012 E7, K1 = 4219, K2 =-1438, 13=6.203 E9, n 2  22.4 E6,
n3 269.6, n4 =0, n. 0, n7 =14.

For no cyclic softening K1 - 5657 and K2 -=0.
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APPENDIX C

CHADOCHE'S CREEP DAMAGE MODEL

Dc A (1- Dc)'k,(1

k =1 + (1.011 X 10-4) exp (9.446 x 105V 3/2 S13 Si) (2)

The constants are chosen to have the values:

A =2.394 X10-4, r -7.22.
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APPENDIX D

CHADOCHE'S FATIGUE DAMAGE MODEL

dD [1 (1-D)O ________
JL M. (1-bal) (1- 1))(1

a = ~(2)

yu1 += + 0V 3 3i

1 2 2

+ 2 2 4

where cr' and ai" are the maximum and minimum values of the ith principal stress during
the fatigue cycle.
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